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Abstract. A gauge-invariant presymplectic setting for time-dependent Lagrangian systems is
proposed. In the resulting geometrical framework, the constraint algorithm developed by Gotay
and co-workers is extended to the non-autonomous case. Under the assumption of ‘admissibility’,
the second-order differential equation problem is solved in the newer scheme.

1. Introduction

In recent papers [12, 13], a new mathematical setting for a gauge-invariant formulation of
Lagrangian and Hamiltonian mechanics has been proposed. The whole theory relies on the
introduction of the so-called bundle of affine scalars, namely of a principal fibre bundle P over
the configuration spacetime V1, with structural group (R, +).

The bundle P allows one to construct two further principal fibre bundles £(V,;) and
L(Vy41) over the velocity space jj(V,41), called, respectively, the Lagrangian and the co-
Lagrangian bundle. Denoting by j; (P, ) the first jet-space associated with the fibration
P — V41 — N, theresulting geometrical set-up is summarized into the commutative diagram

JP,RN) —— LVp1)

l l (1.1)

LVpr1) ——> j1(Var1)

in which all arrows indicate principal fibrations with structural groups isomorphic to (R, +).

The diagram (1.1) provides the starting point for a revisitation of classical Lagrangian
mechanics, mainly in connection with gauge-theoretical aspects, resulting in a new geometrical
interpretation of such concepts as the Lagrangian function, Poincaré—Cartan 1- and 2-
form [12]. More specifically, a Lagrangian L is viewed as the representation of a given
Lagrangian section l: j1(V,+1) — L(V,41), while the associated Poincaré—Cartan 1-form
6 .= (L — %q‘i) dr + % dg' is seen to represent a connection in the principal fibre bundle
LEVys1) = j1(Vus1). The curvature of this connection is recognized as a gauge-invariant
field on j; (V,+1), identical (up to a sign) to the Poincaré—Cartan 2-form €2; := d6;.
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The construction of the Lagrangian bundles and the algorithm assigning to every
Lagrangian section [ the corresponding Poincaré—Cartan 1-form are briefly reviewed in
section 2.

A first result of this paper is the construction of a gauge-invariant presymplectic formalism
for time-dependent Lagrangian mechanics.

To this end, in section 3, we shall focus our attention on the Lagrangian bundle £(V, ;).
In more detail, every Lagrangian section / is seen to induce a corresponding connection on
the principal fibre bundle j; (P, %) — L(V,+1). Under the usual regularity condition, up to
a sign, the curvature of such a connection endows L£(V,,1) with a symplectic structure fZl.
When the regularity hypothesis is violated (i.e. when the Lagrangian section is ‘degenerate’),
consistently with what is commonly done in the literature, we shall assume that the 2-form €,
is presymplectic.

By means of the 2-form €2, we may set up a pseudo-‘problem of motion’ on the bundle
L(V,+1) expressed by the equation

Z1Q =—dy (1.2)

where Z € D' (L£(V,+1)) is the unknown and ¢; (identified with the trivialization of the principal
fibre bundle L(V,+1) — Jj1(V,+1) induced by the section /) plays the role of a ‘Hamiltonian’
on £(Vn+l )

The mathematical equivalence between the problem described above and the standard
one formulated in the velocity space j; (V,+1) by means of the cosymplectic (precosymplectic)
structure (£2;, dt) [4,5, 10, 12, 18, 19] is proved both in the regular and in the singular case.

We note that the algorithm generating equation (1.2) is the Lagrangian counterpart of the
one proposed in [13] for time-dependent Hamiltonian mechanics.

When €, is presymplectic, equation (1.2) may or may not admit solutions. Moreover, in
general, even in the former case, the solution will not be unique.

To cope with this fact, in section 3.2 we have extended to the Lagrangian bundle the
constraint algorithm developed by Gotay, ef al in [1]. The idea is to work on the surface
My = 1(j1(Vu41)) C LVy41), image of j;(V,41) under the given Lagrangian section /, and
use the presymplectic structure to find whether there exists a submanifold M C £(V,4+;) along
which equation (1.2) holds and—in the affirmative case—to characterize it in convenient
geometrical terms.

For different generalizations of the constraint algorithm to the non-autonomous case—
based essentially on the precosymplectic geometry—see [4, 5] and references therein.

As is well known, finding a ‘final constraint manifold’ M along which equation (1.2)
admits solutions is not enough. Indeed, in principle, such solutions may have no dynamical
meaning at all.

The search for kinematically admissible solutions of equation (1.2), referred to in
the literature as ‘the second-order differential equation (SODE) problem’, is dealt with in
section 3.3 under the assumption of admissibility of the Lagrangian section / in the sense of
[3]. Borrowing from [3] and adapting the argument to the present geometrical context, we
prove the existence of at least one submanifold S of M along which equation (1.2) possesses
a unique SODE solution.

In this connection, we recall that, in the non-autonomous case, a solution of the second-
order differential equation problem has been presented in [4, 5]. The difference with the present
analysis is that in [4] the authors examine time-dependent Lagrangians defined on trivial fibred
manifolds 7 (Q) x N, while in [5] they work under the assumption of almost regularity, which
is slightly more restrictive than that of admissibility.
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2. Geometrical preliminaries

2.1. The Lagrangian bundles

We present here a brief review of the construction of the so-called Lagrangian bundles, which,
as we shall see, provide a natural mathematical framework for a gauge-invariant presymplectic
formulation of time-dependent Lagrangian systems. For a more detailed account of these
bundles, the reader is referred to [12].

To start with, let V,,; be the configuration spacetime of a holonomic system 5 with n
degrees of freedom. As is well known [5, 9-16], the (n + 1)-dimensional manifold V,| carries
a natural fibration ¢ : V,,1 — N over the real line, identified with the absolute time function.

We associate with B a principal fibre bundle = : P — V,,1, called the bundle of affine
scalars over V, 1, with structural group (R, +), diffeomorphic (in a non-canonical way) to the
Cartesian product V1 x N.

Using the additive notation

EV)VERXP = Y:(v)i=v+EecP 2.1

to denote the group action of (R, +) on P, a function u : P — R is called a trivialization of
P if and only if it satisfies the requirement

uv+&)=u)+E£. 2.2)
Given any trivialization u of P, we may lift every local coordinate system ¢, g L q" defined
on an open subset U C V,4; to a fibred coordinate system t, q', ...,q",uon 7~ (U) c P.

The most general fibred coordinate transformation is then described by the relations

f=t+c G =qq,....q" i=u+f(t.q",....q") (23)

with f(t,q') € F(V,41). At the same time, in fibred coordinates, the group action (2.1) is
expressed as

t(v+§&) =1(v) g+ =40 u+8&) =u)+§. 2.4

By pull-back, the bundle P inherits from V,; the fibration ¢ : P — 9 over the real line.
We denote by 7 : ji (P, %) — P the first jet space associated with this fibration. As usual,
we refer j; (P, M) to local jet-coordinates 7, g, u, g, u, subject to the transformation laws

F=t+c g =q'(t,q) i=u+f(t q) (2.5a)

<i aqi . aéi n . df

qzﬁq’%ﬁ =i+ (2.5b)
with % = %qk + %

The geometrical properties of the manifold j; (P, ) include, in the first place, all attributes
related to the jet-structure [10, 17]. In particular, for later use, we recall:

e the contact bundle C(j; (P, N)), spanned locally by the 1-forms
@® =du —udt wi:dqi—qidt i=1,....n

e the fundamental tensor field J, expressed locally as

f=w0®i+a)"®i.
ou vk
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o the fibre differential d,, acting on an arbitrary function f € F(j; (P, ))) as

0 0 ;
dvf=—fw°+ia)’. (2.6)
au aq'
In addition to this, the principal bundle structure of P, together with the canonical identification
JiP, M) ={X eT(P)|(X,dt) =1} 2.7)

gives rise to two distinguished actions of the group % on j; (P, N).

The first one, denoted by ¥z, : j1 (P, %) — j1(P,N) & € N, is simply the push-forward
of the action (2.1) restricted to j; (P, i) C T(P). In local coordinates, expressing explicitly
the identification (2.7) in the form

0 ; a 0
z=|=+q¢' () — +u(2) — € ji(P, %) (2.8)
ot aq’ 0 11
and recalling equation (2.4), we have the representation
Ve (2) 8+"‘()8+'()8 (2.9a)
«(2)=|— — +u(z) — 9a
£(2 o T4 @ 5@ o o

summarized into the symbolic relation
Veu: (6 g u, g i) — (t,q" u+E,4', ). (2.9b)

The second action of % on j; (P, N) is induced by the vector field %, usually referred to as the
fundamental vector field of P. In view of the affine nature of the fibration = : j; (P, %) — P,
the latter gives rise to a one-parameter group of diffeomorphisms ¢¢ : ji (P, R) — ji (P, N),
based on the relation

0
e (2) i=z+& (5) Vze ji(P,R) &ed. (2.10)
(2)
Again, from equation (2.8) we obtain the representation
(2) 8+"'()8 +('()+§)a 2.11a)
i _ — Ala
R T Tl

written more synthetically as
Qe (g u g i) > (t.q' u, g i +§). (2.11b)

Denoting by £(V,+1) and £°(V,+1), respectively, the quotient spaces of j; (P, 9t) with respect
to the group actions (2.9) and (2.11), we have the following properties [12]:

o L(Vy4+1) and L¢(V,41) are fibre bundles over V,,; with projections £(V,+1) = V41 and
LE(Vpt1) = Vyp induced by the composite map jj (P, N) — P — V1

e cvery jet-coordinate system f, q',u,¢', i on ji(P,R) induces corresponding local
coordinates ¢, g*, ¢, it on L(V,41) and £, ¢', u, ¢ on LEVp1);

e both actions (2.9) and (2.11) make j; (P, ) into a principal fibre bundle (respectively,
over L(V,+1) and over £ (V,4+1)) with structural groups both isomorphic to (91, +).

Finally, it is easily seen that the group actions (2.9) and (2.11) commute. Accordingly, the
action (2.9) induces a corresponding action on the quotient space £°(V,,), while the action
(2.11) induces an action on £(V,+1). The quotient of £¢(V,4+1) with respect to the action (2.9)
and the quotient of £(V,1) with respect to the action (2.11) are then the same manifold, clearly
identified with the velocity space j;(V,+1). In this connection, we recall the following [12].
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Theorem 2.1. Both spaces L(V,41) and L°(V,+1) are principal fibre bundles over the space
J1Vns1), with structural groups isomorphic to (R, +).

The content of the previous discussion is summarized into the commutative diagram

JPR) —— LWVp1)

l l 2.12)

L(Vn+l) —_— jl (Vn+1)
in which all arrows denote principal fibrations, with structural groups isomorphic to (N, +).

Definition 2.1. The principal fibre bundles L(V,41) — j1(Vus1) and L Vys1) = j1Vasl)
are called, respectively, the Lagrangian and the co-Lagrangian bundle over ji(V,41)

2.2. The Poincaré—Cartan 1-form

The geometrical environment based on the diagram (2.12) provides the mathematical setting
for a formulation of Lagrangian mechanics, automatically embodying the gauge-theoretical
aspects of the theory.

Referring once again to [12] for a more detailed discussion, in this subsection we
shall outline a brief description of the construction of the so-called Poincaré—Cartan 1-form
associated with any given Lagrangian.

The basic idea is to replace the concept of the Lagrangian function L(z,q’,¢") €
F(j1(Vu+1)) with a Lagrangian section | : ji(Vy+1) — L(V,41), 1.6. with a section of the
Lagrangian bundle, expressed locally as

=Lt q"¢"). (2.13)

Taking equations (2.5) into account, it is immediately seen that for every change of trivialization
u— i =u+ f(t,q") of the bundle P, the representation (2.13) undergoes the transformation

ﬁ—u+ﬂ—L(t i 'f)+ﬂ~—L’(z tgh (2.14)
o dr 44 dr 44 '
involving a different, gauge-equivalent Lagrangian L’'.

In this way, gauge-equivalent Lagrangians are viewed as different representations—
corresponding to different choices of trivialization of P—of the same section [7.

Now, given a Lagrangian section /, described locally by equation (2.13), let us consider
the trivialization ¢; := &t — L(t, ¢', ¢*) of the bundle £L(V,+1) = j1(Vas1) induced by [ itself.
We may pull-back ¢; on j; (P, R), obtaining the function ¢, = u — L(t, ¢*, ¢'), having the
nature of a trivialization of the bundle j; (P, ) — L°(V,41). Strictly associated with ¢; is
therefore a section [ : LEVae1) = ji(P, N), still expressed locally as it = L(z, ¢, ¢').

We have thus seen that every Lagrangian section / may be lifted to a section I, according
to the commutative diagram

LEVys1) —f—> Ji(P,N)
l l 2.15)
J1(Vhs1) —[> LVns1).

T This, of course, is a ‘passive’ way of looking at gauge transformations. For a detailed analysis of the ‘active’
counterpart, the reader is referred to [12].
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Taking equation (2.6) into account, let us now consider the fibre differential of ¢;, expressed

in coordinates as
Qo = 4ol = Lit.g', 4) = o — S ot (2.16)
dgk

It is an easy matter to verify that the 1-form (2.16) defines a connection on the principal fibre
bundle j; (P, N) — L(V,+1). Infact, itis invariant under the action of the structural group (i.e.
under the one-parameter group of diffeomorphisms generated by the field %), and satisfies the
duality relation (d, ¢, ) = 1.

Making use of the section i appearing in the diagram (2.15), we next pull-back the
connection 1-form (2.16) on £°(V,41). The final result is then the 1-form

U oL
0 :=0"dy @) =du — Ldt — — o (2.17)

gk

defining a connection on the principal fibre bundle £ (Vy+1) = j1 (Vas1)-

To conclude, from equation (2.17), or, more in general, from the theory of connections,
the difference du — é; is easily seen to be the pull-back of a 1-form 6; on j; (V,+1), expressed
in local coordinates as

oL
6=Ldt+ — o". (2.18)
agk

The latter is immediately recognized as the familiar Poincaré—Cartan 1-form associated with
the ‘Lagrangian’ L, involved in the representation (2.13).
If we accomplish an arbitrary change of trivialization, the requirement

6 =di—7*0) =dw+ f) — 756 = du — 7*(6)) (2.19)
yields the transformation law
O =6 +df (2.20)

showing that the really dynamically relevant object over j;(V,4+1) is the gauge-invariant
Poincaré—Cartan 2-form

Q] = d@l (221)

identical (up to a sign) to the curvature of the connection (2.17)7.

We shall say that the Lagrangian section [ : j;(V,+1) = L(V,41) is regular if and only if
the Hessian matrix || oL | is non-singular.

As is well known (see, for example, [18]), under this assumption the requirements

2L
9g79q7

Z1lQ =0 (Z,dt) =1 (2.22)

characterize the unique dynamical flow Z = & + ¢ 3%. + 7! % on ji(Vus1), the solution of
the Lagrange’s equations

oL JoL
Z|—)——=0.
agk dgk

+ One comes to the same conclusion by considering ‘active’ gauge transformations [12].
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Remark 2.1. An affine fibration over the spacetime, analogous to the bundle of affine scalars,
is used in [20] to set up a suitable geometrical framework for the study of charged particles
dynamics. The construction relies entirely on the affine nature of the fibration. In contrast, in
the present formulation, a major role is played by a principal fibration. As has been shown,
the latter allows one to give a geometrical gauge-invariant description of classical Lagrangian
mechanics in terms of sections and connections of principal fibre bundlesf. As compared
with [20], further advantages of the present approach arise in connection with time-dependent
Hamiltonian mechanics, as outlined in [13]. There, the curvature 2-form of a ‘canonical’
principal connection on the first jet-bundle j; (P, V,4+1) of the fibration P — V,,; (the contact
fibration in [20]) is proved to endow a suitable ‘Hamiltonian’ bundle (the phase fibration) with
a symplectic structure, providing the basic tool for the implementation of the Hamiltonian
counterpart of the theory discussed above.

3. Presymplectic Lagrangian systems

3.1. Equations of motion on L(V,+1)

In this subsection, making use of a presymplectic formalism, we shall construct equations of
motion directly on the Lagrangian bundle £(V, ).

We shall also discuss the relationships between the resulting scheme and the standard one,
formulated on j; (V,+1) through equations (2.22) [5, 10, 12, 18, 19].

As a preliminary step in the discussion, it is worth outlining some aspects of the geometry
of £L(V,+1), which are particularly relevant in the subsequent discussion.

In the first place, we recall that £(V,) is fibred over the configuration spacetime V,,;.
The vertical bundle associated with this fibration—henceforth denoted by V (L(V,41))—is
spanned locally by the vector fields %, %, i=1,...,n.

In addition to this, the contact bundle C (j; (V,+1)) over j; (V,41) [10-12], generated locally
by the 1-forms o' = dg’ — ¢'dt, i = 1, ..., n, may be pulled-back to £(V,;) through the
projection = : L(V,41) — j1(Vus1). In what follows, for simplicity, we shall preserve the
notation o' =dq’ —¢'dt,i =1,...,n, for the pull-back of the 1-forms ' on j;(V,41).

Further geometrical objects on £(V,+1) come from the assignment of a Lagrangian section
Lt j1(Vae1) = L(Vy41), expressed locally as

w=L(tq' g"). (3.1

To see this point, denoting by ¢, = & — L the trivialization of £(V,4;) determined by the
section (3.1), we observe that the differential

dg; = du —dL (3.2

has the nature of a smooth-connection 1-form over the principal fibre bundle 7 : L(V,41) —
Jj1(Vus1). The related horizontal lift associates to every vector field X = X0 % + X! % +

X! % e D'( J1(Vu+1)) a corresponding vector field X; on £(V,41), invariant under the action
of the structural group (i.e. under the one-parameter group of diffeomorphisms generated by
%) and expressed locally as

0 0 . d .. 0 a
X=X —+Xl++le+X(L)f. 3.3)
ot aq' g’ ou

T Similar ideas to those of the Lagrangian bundle and Lagrangian section may be found in [21] where the Lagrangians
are sections of the trivial line bundle j; (V,+1) X ® — j1(Vu+1). However, in [21], no gauge considerations are made.
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Now, let us return to the connection 1-form

o 9L
dpr =0’ — — o (34)
g’
for the principal fibre bundle 7 : j; (P, ) — L(V,+1), generated by [ through the algorithm
discussed in the previous section.
The curvature of the connection (3.4), defined, up to a sign, by the 2-form

~ ) oL . oL .
Q= —d(dyg) =duAndt+d | — | A — — dg' Adt 3.5)
g’ aq'
has the nature of an exact 2-form on L£(V,4+), invariant under (passive [12]) gauge

transformations 4 — u = u + %. It is a straightforward matter to verify that, when

the regularity condition rank H % || = n is satisfied, the 2-form (3.5) has maximal rank,
thus endowing L£(V,+1) with a symplectic structure. When this is the case, as pointed out in
section 2.2, the section / is said to be a regular (or non-degenerate) Lagrangian section.

More generally, when the regularity hypothesis is violated, but ; has constant rank
everywhere, the 2-form (3.5) is presymplectic. In what follows, we shall examine the
consequences of this assumption.

Following the standard terminology [2—6], we shall call such an/ a degenerate (or singular)
Lagrangian section.

To every (regular or degenerate) Lagrangian section we associate a tensor field of type
(1, 1), according to the following construction.

Take any vector field X over L(V,+1) and lift it horizontally with respect to the connection
(3.4), thus obtaining an invariant vector field on j; (P, i) of the form

. ‘ L -\ 0
X:X+<u(X,dt)+f(X,w’) —. (3.6)
ag! u

Next, evaluate the image J ()A( ) under the fundamental tensor J=o'® % +0'® % of ji(P,N).

Finally, project f(X) back to L(V,+1) by means of the tangent map Tz : T(j, (P, N)) —
T (L(V,+1)). The final result is then the vertical vector field

a A (0L 0 a
Tr(J(X) =(X,0") | - —+ (3.7
ag' du 94’
on L(Vu4+1). The correspondence (3.7) depends F-linearly on X, so that, by the quotient law,
it defines a tensor field J on £L(V,+1), with local expression

- A dL 9 0
aq' du  9q'

On account of equation (3.8) one can easily derive the relations J (%) =0, Ly /aaj =0,
indicating that the tensor field J ‘projects’ onto j; (Vy41) [6].
More specifically, denoting by J = o' ® % the fundamental tensor of j;(V,41) [5, 10—

12,14,17,19], it is immediate to see thz}t J is w-related to J, namely for every z € L(V,+1)
and every X € T,(L(V,+1)) one has .. (J, (X)) = Jr) (m«(X)). Conversely, it is also true that
(J:(X))1 = Jz-15(Xy) forevery z € ji(Vye1) and every X € T (ji(Vu+1)).

After these preliminary remarks, let us now come to the construction of suitable ‘equations
of motion’ on the Lagrangian bundle £(V,41).
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To this end, ~given a Lagrangian section / described locally by &t = L(¢, q', ¢"), we look
for vector fields Z € D'(£(V,41)) satisfying the requirement

Z1Q =—dg. (3.9)

Indeed, when [ is a regular Lagrangian, a straightforward evaluation (left to the reader) shows
that equation (3.9) admits the unique solution

~ d
Z=7Z+Z(L)— (3.10)

au
Z = % +4q' aiq,- + 7 a% denoting the dynamical flow determined by equations (2.22) on

J1(Vu+1). In this case, therefore, the vector field 7 is uniquely characterized as the horizontal
lift (in the sense of equation (3.3)) of the dynamical flow Z € D'(j;(V,41)).

We thus come to the conclusion that, in the regular case, the problem of motion formulated
on ji(Vy41) through (2.22) and that on £(V, 1) based on equation (3.9) are equivalent.

More specifically, if Z satisfies equation (3.9) then it is 7-projectable on j; (V,1), and its
image Z = 7.(Z) is a solution of equations (2.22). Conversely, if Z is a solution of (2.22), its
horizontal lift (3.10) satisfies equation (3.9).

The question is now: what happens when the Lagrangian section / is degenerate? In this
case, in general, equation (3.9) may admit no solution at all, or, when a solution exists, it may
be non-unique.

To account for this situation, in the next subsection we shall set up a presymplectic
constraint algorithm, generalizing the one proposed by Gotay and co-workers [1,2] for
autonomous Lagrangian systems.

Prior to this, however, we discuss the relationships between the problems of motion
formulated, respectively, on L£(V,+;) and on j;(V,+1), when the Lagrangian section / is
degenerate.

To this end, let us suppose that there exists a maximal submanifold M C L£(V,;1) on
whicl~1 equation (3.9) admits a solution X, namely Vz € M 3IX € T,(L(V,+1)) such that
X 1 Q. = —dgyy;

Due to the (straightforward) fact that the forms fZ; and d¢y are invariant under the action of
the structural group, i.e. under translations along the fibres of £(V,+1), one has the following:

Proposition 3.1. Letw : L(V,41) = J1 (Vus1) denote the canonical projection. Then, for each
z € M, the whole fibre 7V (1 (2)) over (2) is contained in M.

Proof. Let X € T,(L(V,11)) be asolution of equation (3.9). Foreachz € w~!(7(z)), denote by
Ve : L(Vy41) = L(Vp41) the translation satisfying ¢ (z) = z, and consider Y € T3 (L(Vy41))
such that X = (¥¢).Y. Then, since the forms fz, and dg; are invariant under translations, we
have

—dgy; = We)i(—dey,) = We)i(XJ Q) =Y Qz

sothat Y € T3:(L(V,+1)) is an algebraic solution of equation (3.9) at z, hence the result. O

Proposition 3.2. Let Y : M — T(LV,41)) be a vector field on L(V,+1) defined on the
submanifold M and satisfying equation (3.9) at each z € M. Then, there exists a vector field
X : M — T(L(V,41)) invariant under translations along the fibres (and thus m-projectable)
still satisfying equation (3.9).
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Proof. Take any (global) sectiono : j;(V,1+1) = L(V,+1) (not necessarily the Lagrangian one)
and consider the intersection X := o (j1(V,+1)) N M. Then, by proposition 3.1, M coincides
with the totality of fibres 7~ (7 (2)) z € Z.

Consider the restriction of the field Y to the points of ¥ and ‘move’ it along the fibres
by means of a push forward under the structural group. The result is a vector field X on M
satisfying the stated requirement. ]

Definition 3.1. A pair (M, Y) satisfying the requirement of proposition 3.2 will be called an
algebraic solution of equation (3.9). In a similar way, an algebraic solution of equations (2.22)
will be understood as a vector field on j(V,11), defined on a submanifold N of j,(V,+1) and
satisfying equations (2.22) everywhere on N.

Proposition 3.3. Equation (3.9) admits an algebraic solution if and only if equations (2.22)
do.

Proof. Let
My :={z € LVu) | it(z) = L(7(2)) } G.11)

denote the image of j; (V,+1) under the Lagrangian section /. Every algebraic solution (M, X)
of equation (3.9) satisfies

0=(X,X1 Q) =—(X,d@ — L)) (3.12)

everywhere on M, and, therefore, also on ¥ := M N M,. It follows that X |= is tangent to M.
Accordingly, there exists a unique vector field X : 7(X) — T (j;(Vu41)) w-related to X, ie.
satisfying X = 71*(5( ), or, which is the same, [,.(X) = X |=. A straightforward argument, left
to the reader, shows that X is then a solution of equations (2.22) on 7 (%) (= n(M)).
Conversely, if (N, X) is an algebraic solution of equation (2.22) the horizontal lift X; (3.3)
satisfies equation (3.9) on the submanifold 7 ~'(N) C £(V,1). Indeed, the push forward /, (X)
satisfies equation (3.9) on the image space /[(N) C L(V,+1), while the lift X; is obtained by
‘moving’ /,(X) along the fibres by means of the structural group. The required conclusion is
then a straightforward consequence of proposition 3.1. (|

3.2. The constraint algorithm

In the previous subsection we have established the algebraic equivalence between equation (3.9)
and equations (2.22) both in the regular and in the singular case.

Making use of some general results on presymplectic manifolds [1], we shall now extend
to time-dependent degenerate Lagrangian systems the constraint algorithm proposed in [1-3].

The aim is to obtain, in the singular case, necessary and sufficient conditions for the
solvability of equation (3.9) (and, consequently, of equations (2.22)) in a differential sense.

To start with, taking proposition 3.1 into account, we observe that there is no loss in
generality in focusing attention on the surface M, i.e. in looking for solutions of equation (3.9)
restricted to the points of M.

In fact, on one hand, the integral curves of any (kinematically admissible) solution X of
equation (3.9) have to be w-related to the dynamical trajectories of the system in the velocity
space ji(V,+1); on the other hand, from equation (3.12), it is convenient keeping in mind
that if X € Ty, (L(Vp+1)), then X is automatically tangent to M, and thus 7 -projectable onto
J1Wast).
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In view of this, let us assume (a) the existence of points of My on which equation (3.9)
admits a solution X, and (b) that the totality of these points form a submanifold M; of M.

Denoting by b : T(L(Vps1)) = T*(L(Vp41)) the linear map b(X) = X* := X 1 €, from
equation (3.9) and equation (3.12) it is easily seen that the submanifold M; coincides with the
subset

M ={z e My |dg/(z) € (T(My))’}. (3.13)

Of course, as is well known [1-5], this merely algebraic characterization is not sufficient,
in general, to ensure the existence of solutions X : M; — T (L(V,+1)) tangent to M;, a
requirement which is obviously necessary for a solution X to be dynamically significant. We
are therefore forced to restrict our attention to the (generally smaller) submanifold

My = {z € M | dpi(z) € (T(M)))"} (3.14)

formed by the totality of points of M; at which the required tangency condition is satisfied.
However, then, again, we have to require that at least one solution X should be tangent to M,.
By iterating the process, we generate a decreasing sequence of constraint manifolds

LWVnr1) < My < My < My < - -+ (3.15)
each embedded in the previous one and defined by the condition

My = {z € My | dgi(2) € (T(My-1))"} k=1 (3.16)
As pointed out in [1, 4, 5], three kinds of outcomes may then occur:

(a) there exists an integer k > 0 such that M; = ¢. In this case equation (3.9) has no
differential solution and the Lagrangian section / does not represent the dynamics of any
systems;

(b) there exists an integer k > 0 such that M; # @ but dim M; = 0. This means that the
submanifold M consists of isolated points, on which equation (3.9) admits X = 0 as the
only possible solution;

(c) there exists an integer k > 0 such that M;,; = M; and dim M; > 0. In this case, by
construction, equation (3.9) admits at least one differential solution on M, i.e. a solution
tangent to My, itself. Following [1-5], we shall set M := M} and call M the final constraint
manifold. Of course, the last case is the only dynamically interesting one.

For later use, it is worth pointing out an alternative characterization of the constraint
submanifolds M, based on an algorithm different from the one employed in equation (3.16).
To this end, we recall the following [1].

Proposition 3.4. Let i : N — M be a submanifold of a finite-dimensional presymplectic
manifold (M, w). Then, denoting by TN* 1= {X € TwM | o(X,Y) =0VY € TN} the
presymplectic complement of T N, one has the identifications

o« TNL = {X € TyM | i*(X ] ) =0}
e (TN = (TN)", (TN*)° denoting the annihilator of TN*.

T A similar assumption will be tacitly extended to every other subset My C M) arising in the course of the subsequent
discussion.
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Making use of proposition 3.4, it is a straightforward matter (left to the reader) to prove the
relationst

M1 = (z € My | (TM}F, dgy)(2) = 0}. (3.17)

In connection with this, referring once again to [1] for proofs and related comments, we
note that, whenever the algorithm (3.17) terminates with a final constraint submanifold M of
dimension > 0, the relation

(TM*,dg)(z) =0 (3.18)

holds identically Vz € M. Moreover, it is also seen that such a submanifold M is automatically
maximal, i.e. if N is any other submanifold of M, along which equation (3.9) possesses a
differential solution, then NV is contained in M.

The algorithm outlined above provides a constructive method for finding differential
solutions for equation (3.9) or, equivalently, for equations (2.22) in the singular case.

Of course, when existing, such solutions are in general non-unique, but are determined up
to vector fields belonging to ker €, N T M.

Moreover, in the stated algorithm, nothing ensures that the solutions are kinematically
admissible, i.e. that they do effectively represent dynamical flows (or semisprays, or SODEs).
The search for SODE solutions, known as the ‘second-order differential equation problem’,
will be dealt with in the next subsection.

3.3. The second-order differential equation problem

After analysing the solvability of the equations of motion in the differential sense, we shall
now discuss under what circumstances they have a dynamical significance.

This requires examining under what conditions there exists a submanifold S of the
final constraint submanifold M along which equation (3.9) admits kinematically admissible
solutions.

The argument is dealt with in [3] for the autonomous case. Our plan is to extend it to the
present, time-dependent, geometrical context.

To start with, given a (degenerate) Lagrangian section /, let us consider the involutive
distributiont D := ker 2; N V(j1(Vus1)) C T (j1(Vus1)), §2; denoting the Poincaré—Cartan
2-form (2.21) associated with /, and V (j;(V,+1)) being the vertical bundle over j;(V,+1). In
local coordinates, from the expression

oL 9L ; 2 S 2 o
Q=—dqg' Adt+ —dt A+ ———dg! AN+ ————d¢! Ao
aq" a19qg* dq’ 04" g’ 04"
it is easily seen that every vector V belonging to D is necessarily of the form
;0
V=V — (3.19a)
g’
with the components V'’ subject to the conditions
Vi L 0 =1 (3.19b)
— = =1,...,n. .
0419g7 g

In connection with the distribution D we introduce the following:

+ The proof is easily obtained by adapting to the present context the general formalism of presymplectic geometry
developed in [1].
% Here it is systematically supposed that the rank of D is constant everywhere, i.e. in view of the subsequent

equation (3.19b), that rank ” 8;,231;? ;i

’ = r < n constant.
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Definition 3.2. A Lagrangian section | : ji(Vy41) = L(V,41) is called admissible if and only
if the leaf space J := j1(Vu+1)/ D of the foliation generated by D admits a manifold structure
such that the canonical projection p : j1(V,1) — T is a submersiony.

We next consider the following basic facts.

o The assignment of a Lagrangian section/ : j;(V,+1) — L(V,+1) determines a foliation of
L(Vy4+1) in terms of the one-parameter family of leaves

Mg :={z € LWVpu1) | (2) = L(w(2)) +§} Een. (3.20)

Every such leaf is clearly the image of j; (V,+1) under the section lg : j1(Vy41) = L(Vns1)
described locally by &t = L(¢, ¢', ¢°) + £.
o Let D; :=ker €, N V(L(V,41)) be the involutive distribution in £(V,1), the intersection
between the kernel of §~2, and the vertical bundle over £(V,,). Taking the representation
2 2 2

By _ 32L .’ ;oogoo9L oo AL
Q =du Adt+ —dt A+ ——dg! AN+ ——d¢! A — — d¢' Adt
dt9q" aq’0qg* g’ 04! K

into account, it is easily seen that every vector V € D; is expressed locally as

. (dL 9 a
ag' du  9q'

the components V' obeying the requirement (3.195). This shows that, for every z €
L(Vn+1), the vector subspace Dy, C T,(L(V,+1)) is nothing but the horizontal lift (3.3)
of the vector subspace D|r) C Tr)(ji(Vu+1)). By equation (3.21) it follows that the
distribution Dy is automatically tangent to every surface (3.20), being D;; = l¢(D)x(;))
for every z € M. Thus the leaves of the foliation generated by D; lie on the surfaces
(3.20).

In particular, whenever the Lagrangian section / is admissible, a direct consequence of the
previous analysis is that the quotient space £ := £(V,+1)/D; has a manifold structure and that
the canonical projection & : £(V,4+;) — £ is a submersion.

More specifically, £ is a principal fibre bundle over J, with structural group isomorphic
to (M, +).

The situation is summarized into the commutative diagram

LOVw1) —— jiVns1)

] I (3.22)

g —— 3
in which the horizontal arrows indicate principal fibrations, while the vertical ones denote
canonical quotient maps.

We now observe that, in view of equation (3.21), in addition to D, | le = 0, the
distribution D; also satisfies (D;, dg;) = 0, ¢; = &t — L denoting the trivialization of £(V,4])
induced by the Lagrangian section. From this, following [7, 8], we conclude that there exists a
presymplectic 2-form €; over £ and a trivialization @; of the principal fibre bundle 7 : £ — 7J,
such that Q; = £*(Q;) and ¢; = £*(¢)).

1 Definition 3.2 generalizes that given in [3] concerning time-independent Lagrangians. In particular, as pointed out
in [3], the condition of admissibility is weaker than the requirement of almost regularity employed in [2] and, for
time-dependent systems, in [5].



5130 S Vignolo

We may therefore define a reduced problem of motion on the quotient space £, based on
the equation

Z1Q =—dg (3.23)

for the unknown Z € D'(£).

Concerning the solvability of equation (3.23), we may apply again the presymplectic
constraint algorithm outlined in section 3.27.

The connection between the dynamics on £(V,,;) and on £ is then summarized into the
following equivalence theorem.

Theorem 3.1.

(a) The presymplectic algorithm terminates with a final constraint submanifold M in L(V,+1)
if and only if the corresponding ‘reduced’ algorithm terminates with a final constraint
submanifold M in £.

(b) The problem of motion (3.9) is equivalent to the reduced one (3.23), in the sense that:

1. for every solution X of equation (3.9), if &,(X) exists, it satisfies the reduced
equation (3.23);
2. if X satisfies equation (3.23), then every X &-related to X solves equation (3.9).

The proof is essentially identical to that given in [2]. Strictly speaking, the analysis presented in
[2] refers to the autonomous case, under the assumption of almost regularity of the Lagrangian.
However, it is an easy matter to verify that the same arguments apply equally well to the present
context.

By analogy with the terminology adopted in [3], we shall call prolongable every vector
field X on £(V,+1) which projects to £.

The previous theorem is then a statement on the existence of prolongable solutions of
equation (3.9). Indeed, if X solves equation (3.23), then any vector field X &-related to Xisa
solution of equation (3.9), projecting to £.

A vector field X on L£(V,,1) will be said to be semi-prolongable if it is prolongable modulo
V(LVp+1))-

Returning now to the surface My C L(V,41), let M C M, be the final constraint
submanifold associated with / through the algorithm discussed in section 3.2. We then have

Proposition 3.5. The restriction Dy y is an involutive distribution in T M, foliating M. The
corresponding leaf space M := M /Dy y is a submanifold embedded in £ and the induced
projection &y : M — M is a submersion.

Proof. Proceeding as in the proof of proposition 1 in [3], we prove the inclusion Dyjyy € TM
by induction on the constraint submanifolds M;. To start the induction, we observe that
Dyim, € T M, since the distribution D; is automatically tangent to My. Let us now assume
Dy, € TMy. In view of (3.17), the constraint submanifold My, is characterized by the
vanishing of functions of the form ¢ = (Z,d¢;), withZ e TM kl Therefore, given any vector
field Y belonging to Dy, Y is tangent to My, iff Y (¢),p,,, = O for all such ¢. However,

Y((Z,de) = ([Y, Z], dgi) +(Z, Ly dgy). (3.24)

1 For simplicity, we apply the algorithm to the whole presymplectic manifold (£, ;) [1].



A new geometrical framework for Lagrangian systems 5131

Since D; is tangent to the leaves (3.20), the second term in the right-hand side of equation (3.24)
vanishes identically. Furthermore, if W denotes an arbitrary vector field belonging to 7 M,
by the assumption on Y, Z and W, we have along M

Qu(Y, Z1, W) = —Ly(Q)(Z, W) + Ly (Q(Z, W)) — Q(Z,[Y, W]) = 0.

It follows that [Y, Z]|y, € TMkL, whence, again by equation (3.17), ([Y, Z], d¢;)|m,,, = O.
Comparison with equation (3.24) implies Y ((Z, d¢;))|m,,, = O, showingthatevery Y € Dy, .,
is automatically tangent to My, i.e. that Dy, € T My,;. By induction, this proves that D)y
foliates M. Then, denoting by i : M — L(V,+1) the embedding, we can identify the quotient
space 9 = M /D;» with the image of M under the map &y, := & o i. From this it follows
that 9 inherits an embedded submanifold structure from £ and that &), is a submersion. [J

Proposition 3.6. Let X € D'(M) be a vector field satisfying equation (3.9). Then J(X) €
Dy

Proof. By definition (see equation (3.8)), J(X) = (X, a)’)(gTL L+ %) Moreover, by direct
calculation, it is easily seen that every solution X of equation (3.9) satisfies the condition

(X, o) 3;,-23Lq, =0j =1,...,n. The result then follows from equations (3.195) and (3.21).
O

At this point, noticing that the relation
J(X)=0 (3.25)

characterizes every vector field X € D'(My) m-related to a dynamical flow on j;(V,41), we
state the following important proposition, solving in an ‘ultra-pointwise’ sense the existence
problem for SODE solutions of equation (3.9)7.

Proposition 3.7. Let | be an admissible Lagrangian section and X € D'(M) a semi-
prolongable solution of equation (3.9). Then there exists a unique point in each leaf of the
foliation of M generated by Dy |y at which X is a SODE.

Proof. First of all, denoting by X = % + X! da—, + X! 88—, + X ai a semi-prolongable solution
q q i

of equation (3.9)%, we note that, by definition, the components X' are constant on the leaves

of the foliation generated by D; ). With this in mind, let us consider the vertical vector field

- . (0L 0 a
—JXO ==X 5t |-
ag' du  9q'

In view of proposition 3.6, we have — J (X) € Dy u. Theintegral curves of — J (X) are therefore

vertical trajectories v (o) : (t,4', ¢'(0), it(c)), contained in the leaves of the foliation, and
determined locally by differential equations of the form

dg’ y .
d—((f) =4'(0) - X'
o
di oL . y .
d—(U) =—(.q’.4'(0)(G"' (o) = X").
o aq'

+ Once again, proposition 3.7 generalizes a result stated in [3].
i By equation (3.9), it is easily seen that the component of X along % is necessarily X0 = 1.
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Now, set m = (tw, q’,, 4. L(tm, q',, ¢.,)) € M and denote by £, C M the leaf through
m. From the previous equations, it is straightforward to deduce that the integral curve y,, (o)
starting at m for o = 0 is expressed as

¢'(0) = X' +exp(0)(g}, — X"
(o) = L(tw, g}, 4" (0)).

As 0 — —o0, ¢'(c) — X' and @(0) — L(tw,q.,X"), so that nx = (tw,q’,
X', L(t, q',, X")) is a limit point of the curve y, (o). Since y,,(0) € £, Yo, and £, is
closed, we conclude that ny € £,,. Moreover, since X’ = constant on £,,, nx is independent
of the choice of the pointm € £,,.

Finally, by construction, it is clear that ny is the unique point in the leaf £,, at which X
is (r-related to) a second-order differential equation, i.e. J(X)(nx) = 0. O

In what follows, two semi-prolongable solutions X, Y of equation (3.9) will be called
J -equivalent if they satisfy the condition J (X)) = J (Y).

This defines an equivalence relation whose J -equivalence classes will be denoted by [X].
From the proof of proposition 3.7 it is easily seen that the point ny depends on [X] rather
than on X. In other words, if X, Y € [X], then nx = ny. According to this we shall use the
notation nxj.

Now, let X be a semi-prolongable solution and let S;x; denote the union of all the points
nixj, one for each leaf.

By proposition 3.7, there exists an injection o} : 9 — M given by a;x)(m) = nix(m)
with n[x)(m) defined by starting from any m € & };,1 (m).

The image of 90 under «x; is clearly identical to the set S;x;. Moreover, in local
coordinates, it is easily seen that T o x) is non-singular. The conclusion is that S;x; is a
submanifold of M diffeomorphic to 9. Note that if [X] # [Y], then S;x; # Siy.

Therefore, for a fixed semi-prolongable solution X of equation (3.9), we have found a
submanifold S;x; of M along which X satisfies both equations (3.9) and (3.25).

Unfortunately, this is not enough, because, in general, X|s,,, does not need to be tangent
to S;x;. However, we observe that, by construction, one has the direct sum decomposition
T5 M = T Six1 ® Dys,,- Consequently, there is a unique decomposition of X of the form
X|s = X +V with X € TSixjand V € Dyjs,,. Since V € D, it follows that X is a SODE
solution of equation (3.9) along S;x;.

The following last proposition concerns the uniqueness of kinematically admissible
solutions on each submanifold Sx;.

Proposition 3.8. There exists a unique vector field Y tangent to Syx), simultaneously satisfying
equations (3.9) and (3.25).

Proof. Let Y and X denote two such vector fields. Then 0 = J(Y) = J(Z) which implies
Y — Z € Dys,,- However, then Y = Z because T S;x1 N D5, = {0}. O

Finally, we may state the following theorem, summarizing the whole content of the
previous discussion

Theorem 3.2. Let ! : j1(Vys1) = L(Vy41) be an admissible (degenerate) Lagrangian section
with final constraint submanifold M embedded in My C L(V,+1). Then there exists at least one
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submanifold S of M and a unique (for fixed S) vector field X tangent to S which simultaneously
satisfies

X Ql+d(p”s =0
J(X)s =0.

Moreover, every such submanifold S is diffeomorphic to .

3.4. Example

We conclude this paper with a simple example illustrating our procedure.

Consider a four-dimensional configuration spacetime V3,1 ~ %%, referred to (global)
coordinates ¢, x, y, z. Every choice of trivialization u of the associated bundle of affine scalars
P — V3, induces, respectively, on j;(V341) and L(Vs4) fibred coordinates of the form
t,x,y,z,%,y,zand t,x,y,z, X, 9, Z, 4.

Now, let I : ji(V341) — L(V341) be the singular Lagrangian section having a local
representation

=Lt x,y,2,%,9,2) =5 =1y — 132 +2+20 +1) +x. (3.26)

Taking equation (3.5) into account, the curvature 2-form of the connection generated by / is
expressed (up to a sign) as

Q=dindt+d (357 —y) Adx —xdt) —d(y+i—2) A(dy —ydp)
— (38 —y) di Adt+ (+x —2) dy Adr —dz Adr. (3.27)

The reader may easily verify that the closed 2-form (3.27) is presymplectic.
Then, recalling equation (3.9), the resulting equations of motion on the Lagrangian bundle
L(V341) are given by

Z1Q = —di+ (37 —y) di — (Y +% —2) dy+dz+ (+1) dz +zdr +dx (3.28)

with unknown

~ o 0 L0 0 L0 .0 090 .9 .. 0
Z2=7"—+7"—+Z72"—+Z"—+ 72" —+7L —+ 7" —+ 7" —.
ot ox ay 9z ax ay a9z ou

As pointed out in section 3.2, in order to solve the problem of motion (3.28), it is sufficient to
focus attention on the submanifold

My i={z €LV | i(z) = L(w()}

the image of j; (V341) under the section /.
In view of this, a direct computation shows that equation (3.28) admits solutions only on
the submanifold M; C M, expressed in coordinates as

M, :={zeMy|yi)+t(z)=0}.
The resulting family of (algebraic) solutions consists of the totality of vector fields of the form
0

Z=2Zm +Z(L)— (3.29a)
ot M,
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with

a .0 ] = Zi+1 9 x*Z°—1 0 .0
Z=—+X—+y—+2L' —+— —+ ——— —+ L — (3.290)
ot dx dy 9z x2+1 ox X2+1 ay 9z
where Z% and Z° are arbitrary differentiable functions.

At this point, we have to check whether the family (3.29) includes at least one solution
tangent to M. Indeed, by imposing the tangency requirement Z(y+1) v, = 0, 1itis easily seen
that equation (3.28) possesses along M infinite differential solutions Z of the form (3.29a)
with

Z=i+ 9 yi—i—a.+Z.Zi. (3.30)
at ax dy dz 9y 9z
We come to the conclusion that the constraint algorithm stops at the first step, with the final
constraint manifold M := M,.

Unfortunately, none of the solutions just found is a SODE on the whole submanifold
M. We are therefore forced to implement all of the discussion concerning the second-order
differential equation problem.

To start with, it is a straightforward matter (left to the reader) to check that the Lagrangian
section (3.26) is admissible and that the involutive distribution D; := ker &; N V(£L(Va41)) is
(locally) generated by the vector field % + 0%, i.e. D; = Span (% + a%)

As proved in proposition 3.5, the restriction Djy foliates automatically the submanifold
M. In this case, the corresponding leaf space 90 := M /Dy, may be referred, in a natural
way, to local coordinates ¢, x, y, z, X.

In view of this, it is easily seen that every solution 7 is semi-prolongable and that all
vector fields Z are J -equivalent. We have in factf

—J(Z)=(1+2) <%+8%> v Z. (3.31)

Then, by starting from equation (3.31) and following the procedure stated in proposition 3.7,
we can associate with the class [ Z] of solutions (3.30) a unique submanifold S[Z] on which all

vector fields Z are (r-related to) SODEs. More precisely, S5, is the image of the injection
o 9 — M described in local coordinates by m = (¢, x,y,z,x) € 9 — a[zl(nﬁ) =
np ) = (6, x,y,2,% 3 = —t,2 = =10 = L(t,x, y,2,%, —1,—1)) € 53, C M.

In general, the solutions Z will not be tangent to S;,. The final step consists then in
considering the direct sum decomposition T, M = TS[Z] @ Dys,, and observing that every

vector field Z admits a unique representation of the form Z IS = Z 15, + Vis,,, where

Z 8+ 8+ 9 9 8+( t+2)8 e TS5 (3.32)
= X — —_——— - X) — 5 (3.
s =\ o e TV ay T3 By o (2]

15121

and

. 0 0
V|S , =7 — + — € D1|5 -
. du 0z 18121 -

The vector field (3.32) represents the unique kinematically admissible solution of
equation (3.28) along the submanifold S, ;.

i+ 7= (47— ) du+a¥)®(dx—xdt)+< G +i—2) (,u+a))®(dy—ydy)+(ai 1) ® (dz —zdn).
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